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JEKIAU

MOJY.JIb 3: JU®PEPEHIIUAJIBHOE UCYUCJIEHUE ®YHKIIAN OJTHOM
NMEPEMEHHOM

Jexyua 3.1. TlpousBoanas ¢yHkimu B Touke. KacaTenpHas, reOMETpHUYECKUN CMBICT MPOU3BOIHOM.
beckoneunast nmpousBoaHas U e€ reomerpuyeckas uHTeprperanus. OJHOCTOPOHHUE MPOU3BOJHBIE, MX
CBSI3b C JBYCTOpPOHHEH mnpousBoaHOU. [luddepeHurpyeMocTs (QYHKIUM B TOYKE, HKBUBAIEHTHOCTD
TG epeHIMPYEeMOCTH  CYIIECTBOBAaHMIO B TOYKE KOHEYHOM mpou3BogHOW. HemnpepbBHOCTD
mipdepenuupyemoir  pynkumu.  Juddepenuman  GyHKUMH, €ro  reOMETPUUYECKHH  CMBICIL.
NuBapuantHocTh PopMbl iepBoro auddepenimana.
Jexkyua 3.2. Teopembr @Depma, Pomns , Komm wu Jlarpamxka. IlpaBuno Jlonmutans pacKpbITH
HeonpezaeneHHoctel. [lopsnok pocta @ynkuuu. CpaBHEHHE poOcTa IMOKAa3aTeNbHOW , CTENEHHON H
norapupmMuueckoi GyHKIHMA B 6ECKOHEUHOCTH.
Jekyusn 3.3. Tlorsitue mHOTOWIeHA Telnopa crermenn N Ui AaHHON (QyHKIWU B Touke C. CoBMmajcHUe
3Ha4eHUH B Touke C QyHKIMM U e€ MHOrowieHa Teisopa, a Takke UX HepBbIX N npou3BoAHbIX. DopMyia
Teitnopa ¢ ocrtatounbiM wieHoM B ¢opme Jlarpamxka u B (opme I[leano. d@opmymna MaknopeHa.
Ucnons3zoBanne ¢opmyn Teimopa nu MakiopeHa B TPHUOJMIKEHHBIX BBIYUCICHUSX. MOHOTOHHOCTH
¢byHkuuu. JlocTarouHoe YCIOBHE MOHOTOHHOCTH. CTallMOHAapHBIE U KPUTHYECKUE TOUYKU (DYHKIIUH.
DKcTpeMyM (pyHKINU.
Jexyua 3.4. HeoOxonuMoe ycioBue 3KkcTpeMyma. JlocTaTOYHbIE YCIOBHS HKCTpeMyMa: (a) Mo HepBoif
pou3BoJHOM, (0) mo BTOpod mpou3BogHOW. IloHsTHE BBIMYKJIOCTH (BBEpX, BHM3) (QYHKIMHM Ha
npoMexyTke. JlocTaTOYHOE YyCIOBHE BBIMYKJIOCTH JBaxabl AuddepeHurpyemonn QyHkumu. Todku
neperuda ¢pysnkuu. Heobxonumoe ycnosue neperuda, J0cTaTOUHOE ycinoBUe nepernba. Cxema moaHoro
MCCIIEIOBAHMS U TIOCTPOCHUS Tpaduka QyHKIUH.



MOAYJIb 4: PYHKIUU HECKOJIBKUX IIEPEMEHHbBIX

Jdexyusa 4.1. Metpuka B R". CkanspHas (yHKuus HecKodbkux mnepemeHHbx (PHIT). Jlunuu u
noBepxHocTh ypoBHsA. [lpemen @OHII. beckoneuno wmambie u  OeckoHeyHo Oombmme OHIIL.
HenpeposisHocts @HII B TOouke, Ha MHOkecTBe. CBoiicTBa @HII, HenpephIBHBIX Ha MHOKECTBE. YacTHBIE
npousBogabie DHII, reomerpuueckass wunTepnperamus s n=2. Juddeperumupyemocts DOHIIL.
Heo6xomumoe u nmoctatounoe ycnoBus muddepenmupyemoctu. HenpepslBHOCTD auddepeHupyeMon
OHIL.

Jexkyua 4.2. TlpousBomnas cioxHor ¢yuknuu. YactHas u monHas mnpousBoguabie DHIL. ITlepssrii
maddepenmman OHIT u naBapuanTHocth ero dopmsl. Auddepernnans BHICIINX MOPIAIKOB. 3a1ada O
nostHOM U depeHnuaie.

Jekyusn 4.3. Dopmyna Teitmopa. Oxcrpemym OHII. HeobxommMoe yclnoBHe CyIIECTBOBAHUS
sKcTpemyMa. JloctaTouHble yCIOBHUS CYIIECTBOBaHUS dKCTpeMyMma (1o BTopomy auddepeHnuary u mno
YTJI0BBIM MHHOpaM MaTpuilsl ['ecce). ANTOpUTMBI TOMCKA TOYEK dKCTpeMyMa JJsl QYHKIHMNA IBYX U TPEX
MIEPEMEHHBIX.

Jexkyua 4.4. BextopHas (yHKIMS CKaSIpHOTO apryMeHTta, ee rojorpad. Ilpenen M HempepbIBHOCTH
BeKTOpHOU ¢yHKIMH. [Ipon3BonHas BEKTOpHON (PyHKIMU, ee TeOMETPUYECKH U (U3MYECKUN CMBICIH.
VYpaBHeHHsI KacaTelbHOW K NpPOCTpaHCTBEHHOW KpuBoil. [IpaBuia mauddepeHIMpoBaHus BEKTOPHOI
¢bynkuu. Teopema 0 TPOU3BOJHONW BEKTOPHOM (YHKIUU TMOCTOSHHOM JJIMHBI, €€ TeoMeTpudecKas
UHTEpIIpETaLMSL.

MATEPHAJIBI IJISI CAMOCTOSATEJBHOI'O U3YYEHUSA

MOIYJIb 3: JTU®PEPEHIIUAJIBHOE HCYUCJEHUE ®YHKINNA OJJTHON
NEPEMEHHOM

Texcm 3.1 (mocne nekmuu  3.1). ITIpow3BOAHBIE OCHOBHBIX JJIeMEHTapHbIX (yHknmid. [IpaBuna
BBIUUCIICHUS] IIPOM3BOAHOM, CBsI3aHHBIE C apUPMETHUYECKUMM JACUCTBUSAMHM HaJ  (QYHKIMIMU.
[TpousBonHas cioxxHOM U 0O0paTHOHN (yHKIMA. [Ipon3BOAHBIE BBICIIUX MOPAIKOB. DU3NYECKHIA CMBICT
nepBoili M BTOpoil mpousBoiaHbIX. IlpaBmia  BblumMcieHus aud¢epenuuanon. Ilpumenenue
mddepeHranoB K NpuOIMKEHHBIM BIYHCICHUAM. [ depeHnansl BBICIINX MOPSIKOB.

Texcm 3.2 (nocne nekuuu 3.3). IlpencraBnenue no ¢opmyne MakinopeHa HEKOTOPBIX 3JIEMEHTAPHBIX
¢ynkuuii. Mcnonb3oBanue popmyn Teitnopa u MakiopeHa 1715 HaX0XKJI€HUS IIPEIENIOB.

MOAYJIb 4: PYHKINU HECKOJIBKUX IIEPEMEHHbIX
Texcm 4.1 (nocne nexiuu 4.1). OxpectHoctd B R" . OTKpHITHIE, 3aMKHYThIE, OFPAaHHYEHHBIE U JTUHEHHO

cBA3HBIE MHOXecTBa B R", rpaHuia MHOxecTBa, 001acTh. IIpHOIMKEHHbIE BBHIMUCICHUS 3HAYEHMIi
OHII. YacTHble MPOU3BOIHBIE BBICIIMX MOPSAKOB. TeopemMa O HE3aBUCMMOCTH CMELIAHHBIX YaCTHBIX
MIPOM3BOJIHBIX OT NopsAKa TP PepeHInpOBaHNUS.

Texcm 4.2 (nocne  nexuuu  4.2). HesBusle  Qynkuun. Teopema 0  CyIIECTBOBaHHU U
muddepeHpyeMocTy HeaBHON (yHKIUU. CUCTEMbl HESIBHBIX (QYHKIMH. Teopema O CylIeCTBOBaHUM U
muddepeHpyeMocTH cucteMbl HesiBHBIX GyHKuui. [TponsBoanas @HII no HanpaBieHUIO U TPaUEHT,
ux coicTBa. KacarenpHas INIOCKOCTh U HOpMaJlb K IOBEPXHOCTH

Texcm 4.3 (nocne nexkuuu 4.3). YcnoBHblit skctpemyMm @HII, ero reomerpuueckas HHTEprnpeTanus (npu

n= 2), bynkmust  Jlarpanxka. HeoOxommmoe yciaoBuE CyIIECTBOBAaHHUS YCIOBHOTO JKCTpEMyMa.
JlocTaTOYHOE YCIIOBUE CYIIECTBOBAHUS YCIOBHOIO JKCTpEMyMa. AJITOPUTM TIOMCKAa YCIOBHOTO
sKcTpeMyMa (QYHKIUHU JABYX MEPEMEHHBIX C OJHMM ypaBHEHHEM cBsi3u. HaxoxnaeHue HaunGomblIero u
HanMeHblIero 3HayeHui @HII Ha 3aMKHYTOM OIrpaHUYEHHOM MHOXECTBE.

Texcm 4.4 (mocne nexuuu 4.4). KpuBas B mpocTpaHcTBe, cocoObl ee 3afgaHus. [[nuHa nyru KpuBoil.
[TpousBonHas u quddepeHnnan AIUHB YT MJIOCKOM M MPOCTPAHCTBEHHON KPUBOW, T€OMETPHUYECKHI
cMbIcH AuddepeHnrana ATUHbL 1yTH MI0ckoi kpuBoi. KpuBr3Ha U paauyc KpUBHU3HBI INIOCKOW KPUBOH.
[{eHTp ¥ OKPY>KHOCTb KPUBU3HBI IIJIOCKOM KPUBOM.



ITPAKTUYECKHUE 3AHATUA

MOYJIb 3: JTU®PEPEHIIUAJIBHOE HCYUCJIEHUE ®YHKINA OJJHON
NEPEMEHHOM
3anamue 1. BeruucneHre Npou3BOIHBIX C MOMOIIBIO TaOIHIIBI TPOU3BOIHBIX OCHOBHBIX 3JIEMEHTAPHBIX
(bYHKIMIA ¥ TPaBUII, CBSI3AHHBIX € apH(PMETHYECKUMU JeHCTBUSIMU HaJl (QyHKINSAMH.
Ayn: JI-2 NeNe 5.21, 5.23, 5.25, 5.27, 5.29, 5.35, 5.49, 5.37, 5.39, 5.41, 5.43
Howma: JI-2 NeNe 5.3, 5.12, 5.22, 5.26, 5.32, 5.34, 5.38, 5.40, 5.42
3anamue 2. Boraucienue Npon3BOAHBIX CIOKHBIX (DYHKITHIA.

Ayn: y=v(u(x)): y=sin3x, y=tg(4x+1), y=2"", y=|og3(x2+5);
y=w(v(u(x))): y=sin®4x, y=ctg3(5x2+1), y = 200531,

y =t(w(v(u (X)))) .y =cos® (sin x4) ;
y={t(wle()): y= (o032

Howma: JI-2 NeNe 5.49, 5.50, 5.47, 5.51, 5.54, 5.55, 5.59, 5.61

3anamue 3. KomOunnpoBanue npasui 1udepeHInpoBaHHUS.

Ayn: JI-2 NeNe 5.53, 5.60, 5.65, 5.69, 5.66, 5.52, 5.46, 5.77, 5.79

Howma: JI-2 NeNe 5.56, 5.57, 5.58, 5.68, 5.67, 5.78, 5.80

3anamue 4. Jlorapupmuueckas npousBoaHas. [Ipor3BoiHbIE BBICIINX TOPSAIKOB.

Ayn: JI-2 NeNe 5.85, 5.87,5.91, 5.184, 5.186, 5.190

Howma: JI-2 NeNe 5.86, 5.88, 5.89, 5.111, 5.185, 5.188, 5.191

3anamue 5. IIpon3BOJHBIE TEPBOTO W BTOPOTO TOPSIKOB HESBHOW (PyHKIMHM M (YHKIWH, 33JaHHOM
HapaMeTpUYECcKH.

Ayn: JI-2 NeNe 5.144, 5.147, 5.224, 5.168, 5.171, 5.231

Howma: JI-2 NeNe 5.145, 5.149, 5.169, 5.176, 5.226, 5.232

3anamue 6. YpaBHeHHE KacaTenbHOW 1 HOpMand. [{uddepennman u ero npuioKeHus.

Ayn: JI-2 NeNe 5.235, 5.242, 5.277, 5.285, 5.287, 5.290, 5.292

Howma: JI-2 NeNe 5.236, 5.237, 5.241, 5.244, 5.286, 5.289

3anamue 7-8. [IpaBuio Jlonutans pacKpbITHs HEONPEAEIEHHOCTEH.

Ayn: JI-2 NeNe 5.329, 5.333, 5.358, 5.352 (x > 0+0), 5.365, 5.364, 5.354, 5.347, 5.337

Howma: JI-2 NeNe 5.330, 5.336, 5.340, 5.355, 5.353, 5.368

3anamue 9. ®opmyna Teiinopa QyHKIUN 0HOM EpeMEHHON

Ayn: JI-2 NeNe 5.382 (3-ero mopsizka), 5.385 (3-ero mopsiaka), 5.389 (3-ero mopsizaka), 5.391, 5.396
Homa: JI-2 NeNe 5.395, 5.393

3anamue 10. AcumnToThl rpaduKOB PYHKIMIA, HUHTEPBAJIbl BO3pACTaHUsI U yObIBAaHUS, SKCTPEMYM.
Ayn: JI-2 NeNe 5.454, 5.455, 5.404, 5.406, 5.409

Howma: JI-2 NeNe 5.405, 5.452, 5.457

3anamue 11. PyGexublii KoHTpoIb «IIpunoxenus nuddepeHnnatbHOro HCUNCISHUS.

3anamue 12-14. UccnenoBanue GyHKIHMN U IOCTPOCHUE UX TPa(HUKOB.

Ayn: JI-2 NeNe 5.466, 5.463, 5.479, 5.500

Joma: JI-2 NeNe 5.469, 5.499

MOAVYJIb 4: ®YHKIIUU HECKOJIbKUX NEPEMEHHbIX
3anamue 15. O6nacte onpenenenuss ®HII. Jluaun ypoBHs.
Aynm: JI-2 NeNe 7.4,7.7,7.8,7.9, 7.15, 7.16.
[TocTpouTh TMHUK YPOBHSA QYHKIUH: U=X+Y, U=Y/X, U=X-Yy, U= X2 14+y?/9.
Homa: JI-2 NeNe 7.5, 7.6, 7.10



3anamue 16. IIpenensl, NIOBTOPHBIE NPEAEIBL, TOUKH U JIMHUHU pa3pbiBa OHII.

Ay
1) HaliTK TMHUY pa3pbiBa YKa3aHHBIX (pyHKINN
2x-1 X2 +y?
8) f(xY) =g b) F(xy)=r,
X“+y -4 y—Inx
2) BBIYUCIIUTH TOBTOPHBIC Mpe/eabl PYHKIUN B yKa3aHHBIX TOUKaX
2 2 2
X“+y y“cos(1/y)+x
a) f(x,y)= , X =0, y3=0,b) f(x,y)= , X0 =0, y,=0,
) f(xy) Ty Xo Yo ) f(xy) 1y Xo Yo
3) BBIYMCIIMTH JIBOMHBIC MIpEeaebl
. . sin(x . sin(x . arctg(x— . 1
lim XY , lim ( y), lim ( y), |Im#, I|m(1+x+y)x+y,
x->1 3X—Yy x>l Xy x—0 Xy x>l x4 —y x—0
y—2 y—2 y—2 y—1 y—0
. 3
xarcsin(x—2) . eV 1 y((x+y)2,1) i (X —yzx)\/x—y
m————= lim————, Ilm(x+y) , lim-— .
X2 Xy —X—2y+2 x>0 Xy x—1 x>0 XT—Xy+X—Y
y—l y—1 y—0 y—0

Homa: JI-2 NeNe 7.32,7.33, 7.34, 7.35,7.44,7.47, 7.48.

3anamue 17. Yactusie npoussoausie HIL. Tuddepenmman OHII.
Ayn:

1) HaliTK yacTHBIE IPOU3BOAHBIE 1-0T0 U 2-0r0 NOPSAIKOB
f(xy)=(x+y)eY, f(x,%)=(2x+1)"¢, f(ab)=%4a-3b,
2) JI-2 NeNe 7.101, 7.108.

Homa: JI-2 NeNe 7.55, 7.57,7.59, 7.60, 7.68, 7.70, 7.102, 7.109

3anamue 18-19. [luddepennmpoBanue cioxHON GyHKIUH.

Ayn:

1) JI-2 NeNe 7.114, 7.117, 7.118, 7.122, 7.124

2) a) z=arctg(2x —3X;), X =UU,, x2:(u1—u2)2,

b) z=arccos(3u, —2u,), Uy =X + X, , Uy =X/ X,.
Howma: JI-2 NeNe 7.115, 7.119, 7.120, 7.123, 7.125
3anamue 20. IlpousBoaHast HessBHOW ¢yHKIMHU. ['paguent. [IponsBoHast Mo HanpaBJIeHHUIO.
Ayn:
1) JI-2 NeNe 7.140, 7.145,
2) st 3aganHod GyHkimu f B Touke M HaWTH rpaJMeHT ¥ MPOM3BOAHYIO B HAIIPABJICHUH BEKTOpa S

a) f(xy)=exp(x*+y?—4x—6y+13), M (2,2), =i +],
b) f(X,y)=|n(4x+2y—5_y2), M(2,2), §=i+2j.

Homa: JI-2 NeNe 7.141, 7.146

3anamue 21. KacatenbHas IUIOCKOCTh U HopMmainb. @Popmyna Teiiopa QYHKIMH HECKOJIBKHX
IIEPEMEHHBIX.

Ayn:

1) nanucatp oOIiee ypaBHEHHE KacaTeIbHOH IUIOCKOCTH M KAHOHMYECKHE YPaBHEHHS HOPMaH B TOYKE
M noBepxHocTH S

a) S: X’ +y>+2°+3(x-y)-11=0, M (L13),
b) S: 2% =x*+2y?*, M (1,0,1),

2) JI-2 NeNe 7.182, 7.181 (2-oro mopsiaka)
Joma: JI-2 NoNe 7.184, 7.185



3anamue 22. Jxcrpemym OHII.

Ayn: JI-2 NeNe 7.187, 7.189, 7.196, 7.197

Homa: JI-2 NoNo 7.188

3anamue 23. Y CIIOBHBIN SKCTPEMYM

Ayn: JI-2 NeNe 7.201, 7.203, 7.204

Homa: JI-2 NeNe 7.202

3anamue 24. Py0OexHblii KOHTpOsb « DYHKIIMHA HECKOJIBKUX [IEPEMEHHBIXY.

KoHTpoJibHbIEe MeponpUsITUS:

Monyns 3
Py6exusb1it kouTpois «I[Ipunoxenus auddepenunanbaoro ncuncienus». Cpok caaun — 9 Henens
Homaninee 3ananue «lIpunoxenuns tuddepeHnnanbHoro ncuncieHus». Cpok caaun — 9 Hegens

Monyns 4
Py0exHb1it KOHTPOIIb «DYHKIIMN HECKOJIBKHX TepeMeHHbIX». Cpok cnaun — 16 Hemens
HomaiHee 3aganne «PyHKIMM HECKOJIBKUX NepeMeHHbIX». Cpok caaun — 16 Henens



